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Abstract
In this paper, we introduce an idealized model of silicon nanotubes comprising an exact
polyhedral geometric structure for single-walled silicon nanotubes. The silicon nanotubes
considered here are assumed to be formed by sp3 hybridization and thus the nanotube lattice is
assumed to comprise only squares or skew rhombi. Beginning with the three postulates that all
bond lengths are equal, all adjacent bond angles are equal, and all atoms are equidistant from a
common axis of symmetry, we derive exact formulae for the geometric parameters such as radii,
bond angles and unit cell length. We present asymptotic expansions for these quantities to the
first two orders of magnitude. Because of the faceted nature of the polyhedral model we may
determine a perceived inner radius for the nanotube, from which an expression for the wall
thickness emerges. We also describe the geometric properties of some ultra-small silicon
nanotubes. Finally, the values of the diameters for the polyhedral model are compared with
results obtained from molecular dynamics simulations and some limited numerical calculations
are undertaken to confirm the meta-stability of the proposed structures.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

There is considerable interest in using silicon material as
nanostructures, such as nanowires and nanotubes. Following
the discovery of carbon nanotubes [1] which has resulted
in many theoretical and experimental investigations of their
properties [2], many other materials have been explored as a
possible material for nanotubes, such as WS2, Bi2S3, ZnS,
GaN, BN, AlN, InP, Eu2O3 and V2O3 [3]. Silicon is located
in the same group of the periodic table as carbon and possesses
four valence electrons. Silicon’s chemical similarity to carbon
is based on the law of periodicity and therefore silicon is
often suggested as an alternative for carbon. It is also readily
available as the second most abundant element in the earth’s
crust, comprising 25.7% of the earth’s crust by mass [4].

While silicon and carbon are in the same group of
the periodic table, silicon nanotubes have a different bond
configuration to carbon nanotubes. Carbon nanotubes have a
very stable structure formed from sp2 hybridized bonds [2, 5],
which leads to carbon nanotubes adopting a hexagonal
structure. On the other hand, silicon prefers sp3 bond formation
and it is predicted that the four-coordinated atoms form a

square lattice [2, 8, 9, 6, 7]. Recently, experiments report
that silicon nanotubes have been synthesized by physical and
chemical vapour deposition [10, 11] and molecular beam
epitaxy [12] and large diameter silicon nanotubes are observed
by transmission electron microscopy [10].

Many theoretical investigations into the structure of silicon
nanotubes assume a conventional ‘rolled-up’ model [13, 18,
6, 7, 14, 4, 15–17]. There are also some studies which consider
the silicon nanotube to comprise a flat regular hexagonal
silicon sheet [18, 6, 7, 19, 14], while others begin with a
puckered hexagonal silicon sheet [6, 7, 19, 4, 20], while still
others start with a flat square silicon sheet [2, 8, 9, 6, 7].

Cox and Hill [23, 24] propose a new polyhedral model
of single-walled carbon nanotubes that makes prediction
of the geometric parameters of the tube which are in
excellent agreement with first-principles calculations [23].
For the present work we employ a similar polyhedral model
to represent single-walled silicon nanotubes. The silicon
nanotubes considered here are all assumed to comprise a
square lattice or a skew rhombic lattice of four-coordinated
atoms. We comment that in proposing the new polyhedral
model having all bond lengths equal, we have in mind a first
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Prism Antiprism

Figure 1. Pentagonal prism and antiprism.

level model, for which any subsequent modifications such as
unequal bond lengths, can be incorporated later into the ideal
model.

For the nanotubes considered here every silicon atom
is assumed to be bonded to four others via sp3 hybridized
bonding. Hence, these silicon nanotubes can be considered
to be constructed from either square or skew rhombus
lattices [2, 8, 9, 6, 7]. Following the same concept of carbon
nanotubes in the conventional ‘rolled-up’ model [15–17],
silicon nanotubes can be conceptualized as a two-dimensional
sheet of silicon with square lattice pattern, which is then rolled
into a right circular cylinder. The terminology adopted for
carbon nanotubes, namely zigzag and armchair, is entirely
inappropriate for silicon nanotubes, and here we propose to
categorize these tubes as being either prismatic, antiprismatic
or chiral type based on the values of the chiral vector numbers
(n,m). When m = 0, we find that the nanotube comprises
a series of regular n-sided polygons, where the length of each
polygon side and the height of the prism is simply equal to the
bond length σ , and therefore we refer to these nanotube types
as prismatic. In the case m = n, the nanotube comprises rows
of atoms which are regular n-sided polygons with a rotation
such that each vertex is located at the centre of the side of
the preceding polygon but translated along the nanotubes axis.
Thus, when each atom is joined to the two closest vertices of
the preceding polygon, an antiprism is formed and therefore
we term these nanotubes as antiprismatic. Figure 1 shows
a pentagonal prism and antiprism. In all other cases, when
0 < m < n, we follow the carbon nanotube terminology and
term the nanotube chiral.

The polyhedral model for the silicon nanotubes is devel-
oped in the same manner as that for carbon nanotubes [23, 24]
and is based on three fundamental postulates: (i) all bond
lengths are equal σ ; (ii) all the adjacent bond angles are equal
φ; and (iii) all atomic nuclei are equidistant from a common
axis r . The silicon nanotubes represented with the polyhedral
model are shown in figure 2. In this figure the silicon atoms are
represented by black dots and the bonds between silicon atoms
are indicated by black lines, all of which are the same length
based on postulate (i).

In section 2 we introduce the polyhedral model for silicon
nanotubes and the derivations for the major equations of the
polyhedral model. In section 3, we give the asymptotic
expansions for these formulae for the first two leading terms.
In section 4, we explore the geometric structure of some ultra-
small nanotubes and in section 5, we compare our results

(4,4) antiprismatic (5,0) prismatic (4,2) chiral

Figure 2. Silicon nanotubes for the polyhedral model for
antiprismatic, prismatic and chiral type.
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Figure 3. Silicon nanotube constructed from two-dimensional sheet.

for these and demonstrate a good agreement with molecular
dynamics method and we describe the general behaviour of
the major geometric parameters. Some concluding remarks
are made in section 6 and finally the details of the asymptotic
expansions are presented in appendix.

2. The polyhedral model for silicon nanotubes

Employing the same concept as that used for carbon nanotubes,
we apply the (n,m) naming scheme to identify the specific
configuration of the silicon nanotube originating from a
‘rolled-up’ model [15–17]. In this model, the silicon nanotubes
are conceptualized as a flat plane of four-coordinated silicon
atoms which is then rolled into a right circular cylinder. From
figure 3, three different types of silicon nanotubes can be
defined by the value of m in relation to n. The naming
convention we employ for silicon nanotubes is different to
the corresponding convention adopted for hexagonal latices,
e.g. carbon nanotubes. This difference is necessary because the
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conventional terms are not applicable to the silicon geometry.
When m = 0, we term the resulting nanotube to be the
prismatic type. This is equivalent to the direction of rolling
up of the nanotube OE and we use this term because the tube
comprises regular n-gon prisms. The second type, which we
term the antiprismatic type, occurs when m = n. In this case,
the sheet is rolled following the direction OD.

The chiral type is a direction which is between OD and
OE. The (n,m) naming scheme of the nanotube can be thought
of as the chiral vector Ch, shown on figure 3. In this figure we
show a silicon nanotube of type (4, 2). The vector OB is called
the unit translational vector T and consists of the coefficients
of a1 and a2 to be divided by the greatest common divisor dR

of n and m. Therefore we have

Ch = na1 + ma2,

T = −ma1/dR + na2/dR,

where n and m are the integers from the (n,m) naming scheme,
a1 and a2 are the unit vectors in real space, and dR is the
greatest common divisor of n and m.

In figure 3 the origin O is located at an arbitrary lattice
point. The chiral vector Ch goes from O to A. The vector
between O and B is called a translational vector T. The sheet
is rolled up to form a nanotube where the point A will coincide
with the origin O and the point B will coincide with the point
B′. From figure 3 the conventional chiral angle θ0 is found to
be

cos2 θ0 = n2/(n2 + m2). (1)

The unit cell length L0 for the ‘rolled-up’ model is the length
of the translational vector |T|, which is given by

L0 = σ
√

n2 + m2/dR. (2)

The conventional radius equation for the nanotube is obtained
from a simple geometric method, and is given by the magnitude
of the chiral vector |Ch|, divided by 2π and thus

r0 = σ
√

n2 + m2/2π. (3)

The polyhedral model for silicon nanotubes is similar to
the equivalent carbon nanotube model [23, 24]. From the
fundamental postulate (iii), all atoms in the silicon nanotube
are equidistant from a common axis, and thus the vertices
of each face cannot be coplanar and therefore in the rolled-
up state, the lattice comprises skew rhombi. For the carbon
nanotubes, a hexagonal lattice is divided into three isosceles
triangles and one equilateral triangle [23, 24]. However, as
we demonstrate below, we do not need to subdivide the skew
rhombic lattice.

We begin by defining a cylinder which is traced by helices
that correspond to the lattice lines in the direction of a1.
Therefore, from figure 3 it may easily be shown that the
number of helices is equivalent to the value of m and the silicon
atoms are positioned on these helices. Therefore, the first
helix α(t) on the cylinder has the parametric form in Cartesian
coordinates

α(t) = (r cos(2ψt/m), r sin(2ψt/m), bt/m), (4)

Figure 4. Points lying on three helices and forming an equilateral
skew rhombus in three-dimensional space.

where 2ψ is the angle subtended at the nanotube axis in the
xy-plane of one edge of a skew rhombus, r is the radius of
the nanotube, b is the helical vertical spacing coefficient and
t is a parametric variable which has been chosen such that the
vertices are spaced evenly at a distance m in this variable.

The Cartesian coordinates of points P, Q and U in
figure 4 are found from (4). The point P = α(0) =
(r, 0, 0) in Cartesian coordinates, the point Q = α(m) =
(r cos 2ψ, r sin 2ψ, b) and the point U = α(2m) =
(r cos 4ψ, r sin 4ψ, 2b). Therefore the distance of the bond
σ , which is between the point P and the point Q, in three-
dimensional space is given by σ 2 = 4r 2 sin2ψ + b2.

Similarly, the second helix β(t) is congruent to the first but
rotated through an angle of 2π/m. The parametric equation is
given by

β(t) = (r cos[2(ψt − π)/m], r sin[2(ψt − π)/m], bt/m).
(5)

Furthermore, the third helix γ (t) is symmetric to the
second with its coordinates rotated through a further 2π/m in
the angular dimension. Thus the parametric equation is given
by

γ (t) = (r cos[2(ψt − 2π)/m], r sin[2(ψt − 2π)/m], bt/m).
(6)

In figure 4, the two points R and S are found from (5) and
the point V is found from (6). The point R = β(n), the point
S = β(n + m) and the point V = γ (2n). The four points of
P, Q, R and S comprise a skew rhombus. From postulate (i)
we require all edges of the rhombus to be equal, and therefore
|PQ| = |RS| = |PR| = |QS| = σ . This postulate then gives
rise to the following expressions

|PQ|2 = |RS|2 = 4r 2 sin2 ψ + b2,

|PR|2 = |QS|2 = 4r 2 sin2 ξ + (nb/m)2,

3
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where ξ = (nψ − π)/m and from postulate (i) we require
|PQ| = |PR| and therefore we may derive

b2/r 2 = 4m2
(
sin2 ψ − sin2 ξ

)
/(n2 − m2). (7)

We also require the distances of |QR| and |PS| which are
given by

|QR|2 = 4r 2 sin2(ξ − ψ)+ [(n − m)b/m]2,

|PS|2 = 4r 2 sin2(ξ + ψ)+ [(n + m)b/m]2.

From postulate (ii), we require the angle between adjacent
bonds to be equal which is equivalent to the requirement that
|QR| = |PS|. From this requirement we may derive

b2/r 2 = (−4m sin ξ cos ξ sinψ cosψ)/n. (8)

As a result, the two equations (7) and (8) are employed to
derive an equation for the fundamental parameter, the subtend
semi-angle ψ , given by

n tan ξ + m tanψ = 0, (9)

where ξ = (nψ − π)/m. The subtend semi-angle ψ , is
determined as the root of this equation. Equation (9) may
have many roots, but based on a specific requirement that the
subtend semi-angle ψ , must also satisfy the inequalities (10),
since ξ � 0 � (ξ + ψ), we obtain the following inequalities:

π/(n + m) � ψ � π/n. (10)

The root of (9) which also satisfies (10) can be accurately
determined numerically by a small number of iterations of
Newton’s method, using the initial value of the root given by
ψ0 = nπ/(n2 + m2). From (9) the exact values of the subtend
semi-angle ψ are found as ψ = π/2n for the antiprismatic
type m = n and ψ = π/n for the prismatic type m = 0.

The true chiral angle θ , is found by considering a
triangle comprising the points P, Q and Q′ which is the point
determined by projecting Q into the xy-plane as shown in the
figure 5. Therefore, the distance c2 is given by

c2 = 4r 2(n2 sin2 ψ − m2 sin2 ξ)/(n2 − m2).

From figure 5 the distance d is deduced by the cosine law, given
by

d = 2r sinψ, (11)

and b2 is given by (7). One result of this derivation is that the
true chiral angle θ can be expressed by

cos2 θ = n2 cos2ψ + m2 sin2ψ

n2 cos2ψ + m2
. (12)

In view of the fact that we have two expressions for b2 in (7)
and (8), the true chiral angle θ can also be expressed in the
same form given in (12), where c2 is given by

c2 = 4r 2 sin2 ψ[1 − (m/n) sin ξ cos ξ cotψ].

Q'
P

C

2ψ

Q

c
b

d

r
r

θ

Figure 5. Points forming PQQ′ in three-dimensional space.

The adjacent bond angle φ is defined as the angle between
two bonds where the atoms that are being bonded comprise
a single square or a single skew rhombus in the nanotube
lattice and the opposite bond angles are the angle between
two bonds where the atoms that are being bonded comprise
different squares or skew rhombi in the nanotube lattice. The
adjacent bond angle φ and the two opposite bond anglesω1 and
ω2 are derived from the cosine law. The adjacent bond angle
is found by considering a triangle comprising the points R, S
and Q. Using the same technique, the opposite bond angle ω1

is found from the triangle �PQU and the opposite bond angle
ω2 is found from the triangle�PRV. The adjacent bond angle
φ is given by

cosφ = (m2 sin2 ψ)/(n2 cos2ψ + m2), (13)

and the opposite bond angles ω1 and ω2 are given by

cosω1 = 2 cos2 θ sin2 ψ − 1, (14)

cosω2 = 2(m2 − n2 tan2 θ)

m2 + n2 cos2 ψ
− 1. (15)

The nanotube radius r is the distance from the silicon
atoms to the axis of the nanotube which may be found from
cos θ in figure 5 and the length of |PQ| = σ = c, the length
of the silicon–silicon covalent bond. The value of d may be
obtained from (11) and cos θ = d/c. We may also envisage
an inner radius rin as the closest perpendicular distance of
all bonds, which is the midpoint of the closest silicon–silicon
bond, and the nanotube axis. The nanotube radius r and the
perceived inner radius are found to be given by

r = (σ cos θ)/(2 sinψ), rin = r cosψ, (16)

where σ is the length of the silicon–silicon bond.
As a consequence of the polyhedral model, silicon

nanotubes can be viewed as having a wall thickness arising
from the two radii, such that the hollow cylinder of radii r and
rin is precisely the smallest such cylinder which can enclose all
atoms and bonds of the nanotube. The nanotube thickness δ is
defined as the difference between these two radii and is given
by

δ = [σ cos θ tan(ψ/2)]/2. (17)

Silicon nanotubes are also considered to be constructed
from a repeating unit cell. The number of atoms in a unit cell,

4
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a rectangle of OAB′B, in figure 3 is the number of atoms N in
the unit cell which is given by N = |Ch × T|/|a1 × a2|. Thus
the number of atoms in the unit cell for the polyhedral model
is found as

N = (n2 + m2)/dR,

where dR is the greatest common divisor of n and m. A unit cell
length L is the number of atoms in a single helix multiplied by
the helical vertical spacing coefficient b. The number of atoms
in a single helix is found from the number of atoms in a unit
cell N divided by m helices. Thus for the unit cell length may
be derive from L = Nb/m and is given by

L = [σ(n2 + m2) sin θ ]/(mdR). (18)

3. Asymptotic expansions for the polyhedral model

As shown in appendix the equations of the polyhedral model
may be expressed in terms of expansions of n and m in the limit
of n → ∞ by using the method of asymptotic expansions.
The subtend semi-angle ψ determined from the transcendental
equation (9) is given by

ψ = nπ

n2 + m2
− nm2π3(n2 − m2)

3(n2 + m2)4
+ O

(
1

n5

)
, (19)

where the O(1/n5) term refers to the maximum order of the
magnitude of the next most significant term. The first term
of (19) gives the leading order behaviour for the subtend
semi-angle ψ and the second term is a correction term which
takes into account the curvature of the cylinder in question.
The subtend semi-angle ψ can be rewritten a series using the
Lagrange expansion which is given by

ψ =
∞∑

k=0

1

(2k + 1)!

×
[

d2k

d�2k

(
π�

n� + m tan−1(m
n tan�)

)2k+1
]

�=0

. (20)

It is worth commenting that up to this order (19) and (20) are
totally in accordance with the special cases of antiprismatic
nanotubes n = m, where ψ = π/2n, as well as the case of
prismatic nanotubes m = 0, where ψ = π/n.

By substituting (19) into the expressions for the chiral
angle θ given in (12) and then by further expansion in terms
of 1/n, an expansion for the chiral angle θ may be developed
which is given by

cos2 θ = n2

n2 + m2
+ n2m4π2

(n2 + m2)4
+ O

(
1

n4

)
, (21)

where the leading order term is exactly the conventional
expression (1). The second term is the first-order correction to
the conventional chiral angle θ0 and it may be shown that (21)
can be expressed as

cos2 θ = cos2 θ0 + σ 2 cos2 θ0 sin4 θ0

4r 2
0

+ O

(
1

n4

)
. (22)

The expansion equation for the adjacent bond angle φ is
found by substituting (19) in equation (13), where upon the
expansion of cosφ is given by

cosφ = n2m2π2

(n2 + m2)3
+ n2m2π4(2n4 − 3n2m2 + 2m4)

3(n2 + m2)6

+ O(1/n6).

The two opposite bond angles, ω1 and ω2 are expanded by
substituting (19) and (21) into the equations (14) and (15) for
cosω1 and cosω2 to obtain

cosω1 = −1 + 2n4π2

(n2 + m2)3
− 2n4π4(n4 + 3n2m2 − 5m4)

3(n2 + m2)6

+ O(1/n6),

cosω2 = −1 + 2m4π2

(n2 + m2)3
− 2m4π4(m4 + 3n2m2 − 5n4)

3(n2 + m2)6

+ O(1/n6).

Using the same technique asymptotic expansions may be
developed for the nanotube outer radius r , the thickness δ and
the unit cell length L. The nanotube radius r is given by

r = σ
√

n2 + m2

2π
+πσ(n

4 + 3n2m2 + m4)

12(n2 + m2)5/2
+O

(
1

n3

)
, (23)

where the leading order term is exactly the conventional
expression (3). Similarly, it can be shown that the second term
is a first-order correction to the conventional radius which is
due to the curvature of the structure, which can be written in
terms of the conventional chiral angle θ0 and the conventional
radius r0 by (1) and (3) as

r = r0 + σ 2

192r0
[9 − cos(4θ0)] + O

(
1

n3

)
. (24)

The thickness δ is given by the expansion

δ = n2πσ

4(n2 + m2)3/2
+ n2π3σ(n4 − 3n2m2 + 10m4)

48(n2 + m2)9/2

+ O(1/n5). (25)

Both terms in (25) are new since there is at present no theory
on silicon nanotube thickness. The order of the leading term is
1/n and thus the thickness tends to approach zero as the size
of the nanotube increases. This is expected since the thickness
is a measure of the curvature of the faceted surface model. We
also note that the thickness can be approximated by the relation

δ = (σ 2 cos2 θ0)/(8r0)+ O(1/n3).

An asymptotic expansion of the unit cell length L yields

L = σ
√

n2 + m2

dR
− n2m2π2σ

2(n2 + m2)5/2dR
+ O

(
1

n3

)
, (26)

where we note that the first term in (26) is exactly the
conventional expression (2). It may be shown that the second
term is a first-order correction to the conventional unit cell
length which is due to the curvature of the structure, which
is given by

L = L0 − πσ 2

32r0dR
[1 − cos(4θ0)] + O

(
1

n3

)
. (27)

5
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(2,2) (3,3) (4,4)

Figure 6. (2, 2), (3, 3), (4, 4) antiprismatic silicon nanotubes.

4. Geometric structure of ultra-small silicon
nanotubes

In this section we consider the structure of silicon nanotubes,
as described by the polyhedral model, in the limit of decreasing
radius. We shall see that in some cases polyhedral geometric
structures arise, while in other cases, the nanotubes cannot be
constructed at all. The ultra-small silicon nanotubes considered
here are those shown in figures 6–8. We comment however,
that the large deviations in bond angles would make these
structures very difficult to realize in practice.

Antiprismatic silicon nanotubes of types (2, 2), (3, 3) and
(4, 4) are shown in figure 6. The (4, 4) silicon nanotube
appears as a reasonably tubular structure, but the (3, 3) tube is
between a cylindrical structure and a polyhedral structure due
to the increased curvature. The (2, 2) silicon nanotube shows
a highly nontubular polyhedral structure to accommodate the
inherent large curvature. The (1, 1) silicon nanotube does not
arise because the value of b from (8) is zero and the tube
becomes a single bond of silicon where all atoms coincide with
each other and as a result it is not within the scope of the model
presented here.

In figure 7 we show some chiral nanotubes of type (2, 1),
(3, 1) and (4, 1). We comment that the (2, 1) tube has a
highly nontubular polyhedral structure to accommodate the
high curvature of the surface. These two figures demonstrate
that the structure of the antiprismatic and the chiral tubes is
dependent on the tube radius.

Prismatic silicon nanotubes are shown in figure 8. As
expected the (4, 0) has a square tube shape and the (3, 0) has
a triangular structure. The (2, 0) is ladder-like but since in our
model all the silicon nanotubes are assumed to comprise four-
coordinated atoms, the present model does not apply for (2, 0)
tubes. The (1, 0) tube does not arise because the value of the
nanotube radius r is divided by zero, since the subtend semi-
angle is 180◦, so again it is not within the scope of the present
model. Ultra-small silicon nanotubes tend not to be produced
in experiments due to their highly faceted structure. Also very
large nanotubes do not occur in experiments and therefore the
radii of nanotubes tends to lie in a definite range.

(2,1) (3,1) (4,1)

Figure 7. (2, 1), (3, 1), (4, 1) chiral silicon nanotubes.

(2,0) (3,0) (4,0)

Figure 8. (2, 0), (3, 0), (4, 0) prismatic silicon nanotubes.

5. Results

Various authors have reported different values for the silicon–
silicon bond length for nanotubes. For example, based on
the Tersoff potential, the silicon bond length is found to
be 2.305 Å [13, 25, 14, 26]. For the formation of the
sp3 hybridization, the single silicon–silicon bond length is
2.35 Å [5, 28, 27]. Other values that have been reported are
2.34, 2.36 and 2.38 Å, which also come from the formation of
the sp3 hybridization [29, 32, 30, 26, 31, 6]. These variations
in bond length may in part be due to the deficiencies in the
various simulation approximations or to the authors adopting
the bond length from silicon structures other than nanotubes.

The nanotube type (n,m), subtend angle 2ψ , true chiral
angle θ , adjacent bond angle φ, opposite bond angles ω1 and
ω2, nanotube radius r , unit cell length L and thickness δ for a
variety of nanotubes for 2 � n � 5 are shown in table 1, where
we have assumed a silicon–silicon bond length of σ = 2.35 Å.

We now compare our results with the molecular dynamics
studies of Li et al [2] who examine a number of prismatic
silicon nanotubes using an empirical full-potential linear-
muffin-tin-orbital molecular dynamics method. Their silicon

6
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Table 1. Results of the polyhedral model using σ = 2.35 Å.

(n,m) 2ψ (deg) θ (deg) φ (deg) ω1 (deg) ω2 (deg) r (Å) L (Å) δ (Å)

(2, 1) 131.81 18.43 60.00 60.00 109.47 1.221 3.716 0.723
(2, 2) 90.00 35.26 70.53 109.47 109.47 1.357 2.714 0.397
(3, 0) 120.00 0.00 90.00 60.00 180.00 1.357 2.350 0.678
(3, 1) 104.48 17.02 81.79 81.79 158.21 1.421 6.880 0.551
(3, 2) 80.66 30.12 79.54 111.92 142.16 1.570 7.666 0.373
(3, 3) 60.00 40.89 81.79 135.58 135.58 1.776 3.077 0.238
(4, 0) 90.00 0.00 90.00 90.00 180.00 1.662 2.350 0.487
(4, 1) 83.69 13.71 87.42 99.20 172.03 1.711 9.469 0.436
(4, 2) 70.53 25.24 84.78 117.04 159.95 1.841 5.010 0.338
(4, 3) 56.86 34.80 84.52 133.98 151.74 2.027 11.175 0.244
(4, 4) 45.00 42.73 85.47 147.35 147.35 2.255 3.189 0.172
(5, 0) 72.00 0.00 90.00 108.00 180.00 1.999 2.350 0.382
(5, 1) 68.88 11.21 88.98 112.62 176.33 2.038 11.876 0.357
(5, 2) 61.33 21.27 87.35 123.25 168.83 2.147 12.359 0.300
(5, 3) 52.30 29.92 86.56 135.09 161.93 2.311 13.285 0.237
(5, 4) 43.61 37.30 86.63 145.63 157.05 2.516 14.598 0.180
(5, 5) 36.00 43.56 87.13 154.12 154.12 2.755 3.239 0.135

Table 2. Comparison of silicon nanotube diameters from the
conventional model, the polyhedral model and the molecular
dynamics method of Li et al [2] using σ = 2.305 Å.

(n,m) 2r0 (Å) 2r (Å) Li et al [2] (Å)

(6, 0) 4.402 4.610 4.7
(8, 0) 5.870 6.023 6.0
(10, 0) 7.337 7.459 7.5

nanorings and nanotubes are prismatic silicon nanotubes with
atoms at the surface, and their nanotubes are similar to
the prismatic nanotubes described here. Table 2 shows a
comparison of diameters using the bond length σ = 2.305 Å.
This table shows that the results of the polyhedral model are
in excellent agreement with those of the molecular dynamics
study.

Apart from the contribution of Li et al [2], there appears
to be no literature on four-coordinated silicon nanotubes either
experimentally or in molecular dynamics simulations. To
provide some confidence that the structures considered here
are at least meta-stable, we relaxed the idealized nanotube
structures using the LAMMPS software (see Plimpton [21])
and we model the silicon pairwise interactions using a
Stillinger–Weber potential [22]. Our approach is then to
establish the simulation for an initial temperature of 600 K
which we reduce to 0 K over 100 000 time steps, and
at the end of the simulation the structures are examined
for inconsistencies. For prismatic tubes (n, 0) with n ∈
{5, 6, . . . , 10}, the simulation domain extends 6 nm in the x
and y directions and 5.12 nm in the z direction, which is the
direction the nanotube axis is aligned and we also employ a
periodic boundary condition in this direction. This provides
enough space to include 20 rings of n atoms which are then
assumed to repeat into what is essentially an infinite silicon
nanotube. The results of these simulations are that for n = 5,
6 or 7, the initial pairwise energies are in the range −3.321
to −3.413 eV/atom and the corresponding relaxed pairwise
energies are in the range −3.340 to −3.429 eV/atom. This
shows that there is little change in these structures during the

relaxation process, which agrees with a visual inspection of
the relaxed structure and supports the hypothesis that these
structures are meta-stable. However, for n = 8, 9 and
10, the initial pairwise energies are in the range −3.164
to −3.260 eV/atom but the corresponding relaxed pairwise
energies in these cases are significantly lower, being in the
range −3.567 to −3.578 eV/atom. This indicates that silicon
nanotubes of this size are not stable under these conditions and
a visual inspection shows significant changes in structure. It
is not the intention of this investigation to perform a detailed
structural study of silicon nanotubes but rather to provide
some indication that the structures may be meta-stable. These
calculations suggest that there is some evidence for meta-
stability, especially for smaller prismatic silicon nanotubes.
For purposes of comparison, we note that using the same
potential function Stillinger and Weber [22] report a pairwise
energy of −4.334 eV/atom for diamond cubic silicon at 0 K,
which is the energetically preferred structure for silicon at this
temperature.

Figure 9 shows a plot of the subtend angle 2ψ against n
and shows that the subtend angle increases as the value of n
decreases. This phenomenon is due to the curvature of the tube
surface increasing as n decreases, so that the nanotubes with
the smallest values of n have the largest curvature. The value
of the chiral angle for zigzag carbon nanotubes is constant at
zero, independent of n, both in the conventional model and also
in the polyhedral model [23]. Similarly, the chiral angle value
for prismatic silicon nanotubes is also zero. On the other hand,
the chiral angle value for armchair carbon nanotubes is 30◦,
which is also independent of n, for both models [23]. However,
for the case of antiprismatic silicon nanotubes, the chiral angle
depends on n. For the conventional model, the value of the
chiral angle is a constant, 45◦. Figure 10 shows that the chiral
angle starts from 35.26◦ and asymptotes to 45◦ in the limit as
n becomes large.

Figure 11 shows that the value of the adjacent bond angle
φ for the prismatic type is independent of n and the value
is a constant, 90◦. The value of the adjacent bond angle for
the chiral and the antiprismatic types asymptotes to 90◦ in the

7
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Figure 9. Subtend angle 2ψ for silicon nanotubes of type prismatic:
(3, 0)–(10, 0), chiral: (2, 1)–(10, 5) and antiprismatic: (2, 2)–(10,
10).

Figure 10. Chiral angle θ for silicon nanotubes of type prismatic: (3,
0)–(10, 0), chiral: (2, 1)–(10, 5) and antiprismatic: (2, 2)–(10, 10).

limit as n becomes large, since the surface of the nanotube
approaches a flat plane in this limit. The values of the opposite
bond angle ω1 for all three types asymptote to 180◦ in the limit
as n becomes large, which is shown in figure 12. Similarly,
figure 13 shows that the value of the opposite bond angle ω2

for the chiral and the antiprismatic types asymptote to 180◦.
The value of the opposite bond angles for the prismatic type is
independent of n, which is a constant, 180◦. The values of the
opposite bond angles ω1 and ω2 are equal in the antiprismatic
type. However, the large deviations of the Si–Si bond angles
from the ideal tetrahedral angles indicate that these structures
would be very challenging to synthesis.

Figure 14 shows the percentage difference between the
polyhedral radius and the radius of the conventional (r −

Figure 11. Adjacent bond angle φ for silicon nanotubes of type
prismatic: (3, 0)–(10, 0), chiral: (2, 1)–(10, 5) and antiprismatic:
(2, 2)–(10, 10).

Figure 12. Opposite bond angle ω1 for silicon nanotubes of type
prismatic: (3, 0)–(10, 0), chiral: (2, 1)–(10, 5) and antiprismatic:
(2, 2)–(10, 10).

r0)/r0 × 100% as a function of n. We comment that as n
decreases, this percentage difference in radii increases, due to
the curvature of the nanotube which is not accommodated by
the conventional model. On the other hand, the polyhedral
model incorporates curvature and therefore the difference
between the two models becomes most significant for small
radius tubes. As n becomes large, the curvature becomes
insignificant and the two models approach the same value for
the radius. For example, when the value of n is greater than
or equal to 6, the difference between the polyhedral model and
the conventional model of radii is less then 5%, which includes
two standard deviations. The percentage difference between

8
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Figure 13. Opposite bond angle ω2 for silicon nanotubes of type
prismatic: (3, 0)–(10, 0), chiral: (2, 1)–(10, 5) and antiprismatic: (2,
2)–(10, 10).

Figure 14. Percentage difference between the polyhedral model and
conventional radius ((r − r0)/r0) (%) for silicon nanotubes of type
prismatic: (3, 0)–(10, 0), chiral: (2, 1)–(10, 5) and antiprismatic: (2,
2)–(10, 10).

the two models for the radii is less than 2%, when the value of
n is greater than or equal to 10.

Figure 15 shows the percentage difference between the
unit cell length of the conventional model and the polyhedral
model (L − L0)/L0 × 100%. For prismatic nanotubes
there is no difference between the two models. However,
for antiprismatic nanotubes there is a large difference as n
decreases, and the percentage difference is negative, indicating
that the unit cell length L is shorter than that of the
conventional unit cell length L0. The difference for chiral
nanotubes increases from the prismatic value to a maximum

Figure 15. Percentage difference between the polyhedral model and
conventional unit cell length ((L − L0)/L0) (%) for silicon
nanotubes of type prismatic: (3, 0)–(10, 0), chiral: (2, 1)–(10, 5) and
antiprismatic: (2, 2)–(10, 10).

Figure 16. Thickness δ for silicon nanotubes of type prismatic: (3,
0)–(10, 0), chiral: (2, 1)–(10, 5) and antiprismatic: (2, 2)–(10, 10).

value and then decreases to the antiprismatic value. We find
that the maximum value of the unit cell length L for the chiral
nanotubes occurs for either (n, �n/

√
2	) or (n, 
n/

√
2�),

where the floor symbols �x	 denote the greatest integer less
than or equal to x , and the ceiling symbols 
x� denote the
smallest integer greater than or equal to x .

A plot of the nanotube thickness versus n is shown
in figure 16 for silicon nanotubes and figure 17 for carbon
nanotubes in the polyhedral model, and we note that the two
plots are very similar. For n small, the nanotube thickness
becomes large, while for n large the thickness approaches zero.
By examining the asymptotic expansions of the equations for

9
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Table 3. Main equations for the polyhedral model.

Parameter name Equation

Subtend semi-angle ψ n tan ξ + m tanψ = 0

Chiral angle θ cos2 θ = n2 cos2 ψ+m2 sin2 ψ

n2 cos2 ψ+m2

Adjacent bond angle φ cosφ = (m2 sin2 ψ)/(n2 cos2 ψ + m2)

Opposite bond angle ω1 cosω1 = 2 cos2 θ sin2 ψ − 1

Opposite bond angle ω2 cosω2 = 2(m2−n2 tan2 θ)

m2+n2 cos2 ψ
− 1

Nanotube radius r r = (σ cos θ)/(2 sinψ)

Perceived inner radius rin rin = r cosψ

Thickness δ δ = [σ cos θ tan(ψ/2)]/2
Number of atoms in unit cell N N = (n2 + m2)/dR

Unit cell length L L = [σ(n2 + m2) sin θ]/(mdR)

Figure 17. Thickness δ for carbon nanotubes of type zigzag: (2,
0)–(10, 0), chiral: (2, 1)–(10, 5) and armchair: (2, 2)–(10, 10).

the polyhedral model for the chiral angle (22), radius (24) and
unit cell length (27) we observe that the leading order term
of the analytical expressions gives the conventional formulae
as their highest-order term and the second term is a first-order
correction to the conventional model. This demonstrates that
the polyhedral model converges to the conventional model for
large n.

6. Conclusions

Silicon nanotubes may be formed from stable structures by
sp3 bond hybridization which leads to four-coordinated atoms
that adopt a square lattice or a skew rhombic lattice. By
employing an exact polyhedral model which is based on the
three fundamental postulates that all bond lengths are equal,
all bond angles are equal and all atoms are equidistant from a
common axis, we have derived equations for the key geometric
parameters that arise in this model, such as subtend angle
2ψ , radius r , thickness δ and unit cell length L (see table 3).

The subtend semi-angle ψ is the fundamental variable on
which all the other parameters depend and we find that it is
determined from a transcendental equation (9) and cannot be
written as a simple analytical function of n and m. We again
emphasize that although we have adopted all bond lengths to be
equal, a similar but more sophisticated polyhedral model could
incorporate unequal bond lengths. Our approach here is first to
validate the idealized model and then subsequent modifications
can be viewed as deviations from the ideal model behaviour.

For ultra-small silicon nanotubes, the tube surface has a
very large curvature so the tubes appear to be more like a
polyhedral structure than a tubular structure; the (2, 1) and
(2, 2) tubes are especially polyhedral. We also find that the
(1, 0), (1, 1) and (2, 0) nanotubes do not exist with sp3 bonded
materials. Our comparison of the radii of the nanotubes with
Li et al [2] shows that the radii predicted by the polyhedral
model are in good agreement with molecular dynamics
calculations. In this paper we introduce the new terminology
prismatic and antiprismatic for the silicon nanotubes (n, 0)
and (n, n) respectively, since the corresponding terms zigzag
and armchair for carbon nanotubes are entirely inappropriate
in this context. Some limited numerical calculations using
the LAMMPS software indicates that the smaller structures
proposed here such as (5, 0), (6, 0) and (7, 0) are meta-stable,
while the larger are not (i.e. (8, 0), (9, 0), etc). These findings
indicate that our model applies to physically relevant structures
and the results are entirely consistent with experimental
outcomes since in practice, ultra-small and very large radii
nanotubes tend not to occur, and there is a definite range of
radii where nanotubes are experimentally observed [11, 33].

An interesting difference arising from the polyhedral
model for carbon nanotubes, is that for the silicon nanotubes
the chiral angle in the antiprismatic case depends on n. For
silicon nanotubes, the conventional model gives the chiral
angle for the antiprismatic type to be a constant 45◦. However,
the polyhedral model predicts that the value of the chiral angle
for the antiprismatic starts from 35.26◦ and asymptotes to 45◦
in the limit of n becoming large. The adjacent bond angle
φ in the chiral and antiprismatic types asymptotes to 90◦ in
the limit of n becoming large. The adjacent bond angle has
the constant value 90◦ in the prismatic type. The opposite
bond angles ω1 and ω2 asymptote to 180◦ in the limit of n
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becoming large, except for the prismatic type which has the
constant value 180◦ for ω2. The values of the opposite bond
angles ω1 and ω2 are equal for the antiprismatic nanotubes.
The other major outcome of this model is that for silicon
nanotubes we may define an inner radius, and thus we may
conceive a nanotube thickness which becomes thinner as the
nanotube radius increases, but has a significant value for
small nanotubes. The polyhedral model converges to the
conventional model for large n because the leading term of
the analytical expressions gives the conventional formulae as
the highest-order term, while the second-order term may be
viewed as a first-order correction to the conventional model.
When the value of n is greater than or equal to 6, the
percentage difference between the polyhedral model and the
conventional model for the nanotube radius is less than 5%.
For antiprismatic and chiral nanotubes, the unit cell length for
polyhedral model L, is shorter than the conventional unit cell
length L0. The unit cell length for prismatic nanotubes in both
models has the same value.
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Appendix. Asymptotic expansions of exact formulae

The root of the subtend semi-angle ψ in (9) is determined by
a series expansion in powers of 1/n and we then use this as
the basis for determining series expansions for all of the other
parameters derived in section 3. Firstly, (9) is written in the
form

tan ξ + h tanψ = 0, (A.1)

where ξ = (ψ − π/n)/h and h = m/n. The numbers m and
n are assumed to be of the same magnitude, so that the order of
h is assumed to be one. ψ becomes small as n increases, and
therefore (A.1) can be expanded in terms of ψ and 1/n, where
we define the series as

ψ = ψ0(h)

n
+ ψ1(h)

n3
+ ψ2(h)

n5
+ · · · ,

cos2 θ = a0(h)+ a1(h)

n2
+ a2(h)

n4
+ · · · .

By the method of asymptotic expansions we may derive

ψ0(h) = π

1 + h2
, ψ1(h) = −h2π3(1 − h2)

3(1 + h2)4
, (A.2)

which gives ψ is in its asymptotic form (19), by substituting
for h = m/n in (A.2).

Now the equation for cos2 θ (12) is expanded by
substituting the asymptotic expansion for ψ . As a result, we
find that the expansion coefficients are given by

a0(h) = 1

1 + h2
, a1(h) = π2h4

(1 + h2)4
.

The adjacent bond angle φ is found from substituting the
asymptotic equation of ψ in (13) which is given by

cosφ = h2π2

(1+h2)3

1

n2
+ h2π4(2−3h2+2h4)

3(1 + h2)6

1

n4
+ O

(
1

n6

)
.

The series expansion of the opposite bond angle ω1 is found by
substituting the series expansion for cos2 θ and expanding the
asymptotic equation for ψ . As a result, cosω1 is given by

cosω1 = −1 + 2C2ψ2 − (2C2ψ4)/3 + O(ψ6),

where C = cos θ . The asymptotic expansion of the opposite
bond angle ω2 is obtained by substituting the series expansions
for ψ and cos θ given by

cosω2 = −1 + 2h4π2

(1 + h2)3

1

n2
− 2h4π4(h4 + 3h2 − 5)

3(1 + h2)6

1

n4

+ O(ψ6).

By substitution of the series expansion for cos θ into the
formula for the nanotube radius (16)1, and then expanding as a
series in powers of ψ , we derive

r = (σC)/(2ψ)+ (σCψ)/12 + O(ψ3), (A.3)

where C = cos θ . From (17) and the series for tan(ψ/2), the
thickness δ is obtained in the following form

δ = (σCψ)/4 + (σCψ3)/48 + O(ψ5). (A.4)

The unit cell length L (18) can be expressed by the following
expansion

L = σ
√

1 + h2

dR
n − σπ2h2

2(1 + h2)5/2dR

1

n
+ O

(
1

n3

)
. (A.5)

From (A.3)–(A.5) and the series expansions (19) and (21) forψ
and C = cos θ , we may produce expansions for the nanotube
radius r , thickness δ and unit cell length L, which are given
by (23), (25) and (26), respectively.
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